lpag

Business School

WORKING PAPER SERIES

_ Optimal Risk Sharing with Optimistic
Working Paper | and Pessimistic Decision Makers

2014-579 Aloisio Araujo
Jean-Marc Bonnisseau
Alain Chateauneuf
Rodrigo NovinskKi

http://www.ipag.fr/fr/accueil/la-recherche/publications-WP.html

IPAG Business School

184, Boulevard Saint-Germain
75006 Paris

France

IPAG working papers are circulated for discussion and comments only. They have not been
peer-reviewed and may not be reproduced without permission of the authors.



OPTIMAL RISK SHARING WITH OPTIMISTIC AND PESSIMISTIC DECISION MAKERS

Aloisio Araujo
IMPA and EPGE/FGV, Rio de Janeiro, Brazil

aloisio@impa.br

Jean-Marc Bonnisseau
Paris School of Economics, Université Paris 1, France

jean-marc.bonnisseau@univ-parisl.fr

Alain Chateauneuf
IPAG and Paris School of Economics, Université Paris 1, France

alain.chateauneuf@univ-parisl.fr

Rodrigo Novinski
Faculdades Ibmec, Rio de Janeiro, Brazil

rodrigo.novinski@ibmecrj.br

August, 2014

We would like to thank participants of SAET 2011 at Ancoa (Faro), of the 282 Col6quio
Brasileiro de Matemdtica, IMPA, at Rio de Janeiro (2011), of the 2011 Conference on Theore-
tical Economics at Kansas University, of the Manchester workshop in Economic Theory (2012)
and of SWET(2014) in honor of Bernard Cornet for helpful discussions and suggestions. Cha-
teauneuf thanks IMPA for the generous financial support from the “Brazilian-French Network
in Mathematics” and for its hospitality. Novinski gratefully acknowledges the financial support
from the “Brazilian-French Network in Mathematics” and CERMSEM at the University of Paris

1 for its hospitality.



ABSTRACT

We prove that under mild conditions individually rational Pareto optima will exist
even in presence of non-convex preferences. We consider decision makers dealing with a
countable flow of payoffs or choosing among financial assets whose outcomes depend on
the realization of a countable set of states of the world. Our conditions for the existence
of Pareto optima can be interpreted as a requirement of impatience in the first context
and of some pessimism or not unrealistic optimism in the second context. A non-existence
example is provided when, in the second context, some decision maker is too optimistic.
We furthermore show that at an individually rational Pareto optimum at most one strictly
optimistic decision maker will avoid financial ruin. Considering a risky context this entails
that even if risk averters will share risk in a comonotonic way as usual, at most one classical

strong risk lover will avoid ruin.



1 Introduction

Our aim is to study how the interaction between optimism and pessimism (and also risk
propensity and risk aversion) could affect the allocation of economic resources. In order
to do this, we will analyse which are the properties of the socially desired allocations,
in the sense of being Pareto optimal (PO) for which any decision maker (DM) of the
economy is not worse than with the initial endowments of goods. One should remark that
the presence of non-convex preferences can cause technical issues to ensure the existence
of general equilibrium for the respective economy, but even in these cases, it is possible
to ask about the existence of individually rational Pareto optimal (IRPO) - which is a
lesser demanding concept than equilibrium, as it does not require the existence of a price
system - and on the properties that should be verified by such allocations.

We will model a pure exchange economy as did Bewley (1972), with a finite number of
DMs and an infinite dimensional consumption space. More specifically, the consumption
space is the set of non-negative real bounded sequences £5°, and, thus, we can encompass
the analysis of a decision problem with infinitely many states or with an infinite flow of
payments along the time.

This paper has two main results. The first is about the existence of IRPO allocations
for economies without the usual requirements as completeness or convexity over decision
makers’ preferences. A central hypothesis for this result is that preferences display upper
impatience. Indeed, Araujo (1985) provides examples of economies for which there is no
IRPO due to the lack of impatience!. Under the presence of ambiguity (as modelled by
Schmeidler (1986)), it is well known that, if the associated capacity is concave, the utility
function that represents the DM’s preferences can be written as a maximum, on the set
of DM’s priors?, of the respective expected utilities. In this case, the sufficient hypothesis
in order to ensure upper impatience is outer continuity of the respective capacity at (.

Additionaly, we will illustrate the need of this condition with an example in that the

Tt is important to remark that, in this work, as in Brown and Lewis (1981), the term impatience is
simply a specialization of the broader concept of myopia. Some authors such as Chateauneuf and Rébillé

(2004) propose alternative definitions for these two concepts.
2That is, the capacity core.



presence of a too optimistic agent will lead to the non-existence of IRPO.

We then consider the presence of reasonably but strictly optimistic DM. Our second
main result, Theorem 2, shows that at IRPO allocations at most such strictly optimistic
DM will avoid ruin.

Then specializing in the context of risk, we obtain that as in the standard case with
finite states and without non-convexities studied by Chateauneuf, Dana and Tallon (2000),
at an IRPO, the allocations of the risk averters are comonotonic. The main feature of
risk-sharing between risk averters and risk lovers as settled in Theorem 3, is that for
classical strong risk lovers, i.e. those with strictly concave preferences, again ruin could
be avoided by at most one of them.

The paper is structured as follows: In Section 2 we present sufficient conditions in
order to guarantee that there are IRPO and provide the proof of existence. In Section 3
we relate the condition of weak™* sequentially upper semi continuity of preferences and the
notions of myopia and impatience. Section 4 gives some examples of weak™ sequentially
upper-semicontinuous preferences. Finally in Section 5 we analyse the optimal allocations

of strictly optimistic DM and then specialize to the context of risk.

2 Existence of IRPO allocations under weak* sequen-

tially upper-semicontinuous preferences

REMARK 1: One will find in Appendix A some brief recalls concerning /> the Banach
space of real bounded sequences, and also the weak* topology and the Mackey topology,
which are respectively the coarsest and the finest topology on ¢ for which the dual is ¢!

the Banach space of absolutely convergent real sequences.

REMARK 2: Some readers might wonder why we do not attempt to prove existence
of IRPO allocations for the greatest class of Mackey sequentially upper-semicontinuous

preferences.



Actually it seems to be a “Folk Theorem” that on ¢, the weak* o(¢£>°, (') sequential
convergence and the Mackey 7((>°, ') sequential convergence coincide. We propose in
Appendix B a proof of this result, which justifies the use of the more tractable weak*

o (0>, ') sequential convergence.

Assumptions

(1) For every ¢ = 1,...,m, >=; is a transitive reflexive preorder on (<.
2) For every i, every vy; € (°°, {x; € (°° | x; =; y;} is weak™® sequentially closed.
y Yy i i Y y
Let w; € £5° be the initial endowments of individual i = 1, ..., m.

Let A= {(z1,...,%i, ..., xm) € ({)™ : > x; = w where w := ) w;} be the set of
i=1 =1

feasible allocations.

A feasible allocation (1, ..., 2;, ..., Z,,) is said to be:

1. Pareto optimal (PO) if there is no other allocation (z1, ..., z,,) satisfying z; 7=; x; Vi

and z, = o) for some k.
2. Individually rational Pareto optimal (IRPO) if it is PO and z; 77; w; Vi.

Now, we can state our first main result:

THEOREM 1: Under Assumptions (1) and (2), IRPO allocations ezist.

The proof will be performed by a similar method as the one used pages 220 - 221 by
Aliprantis and Burkinshaw (1978) for weakly u.s.c. preferences.

The proof results from two lemmas:

LEMMA 1: The set A is compact in ()™ endowed with its product topology P, where

each (> is endowed with the weak™ topology.

PROOF: Let

7w = sup w(n),
neN

note that the Edgeworth box [0, w] = {x € [*° : 0 < z < w} is included in the closed ball

B(0,7). Since B(0, ) is weak* compact, it will follow that [0, w] is w*-compact as soon
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as we prove that [0, w] is w*-closed. Let (z®) be a net in [0, w] wx-converging towards x,
therefore x*(n) converges towards x(n) for every n in N, and thus 0 < z(n) < w(n), so
x € [0,w], and actually [0, w] is wx closed, hence w* compact. Note that A C [0, w]", so
A is P - compact if A is P - closed.

Let {(z¢), i =1,...,m} anet in A converging towards (x;);—1,._, for the product topology
P, hence for each ¢« = 1,...,m, z¢ % x; so as seen above z; € (2, since o € [0,w] Vo
implies z; € [0, w].

. w* .
Furthermore since z§* — x; € £ Vi, and

m
E zy = wVa
i=1

it turns out since (£*°, wx) is a topological vector space, that indeed

i=1
so A is P - closed, and finally A is P - compact. |

The set of all individually rational allocations is denoted A,, i.e. , A, = {(z1, ..., 1) €

A x; 7Z; w; for each i}. One can observe that A, is non-empty.

LEMMA 2: The set A, is P - compact and individually rational Pareto efficient alloca-

tions exist.

PROOF: Note that A, = AN H{xl € 0, x; = w;y N B0, 7).

Since the weak™ topology on B (0,7) (see e.g. J.B. Conway “A Course in Functional
Analysis” Exercise 4, p.136 on else the proof of 6.34 Theorem, p.254, in Aliprantis and
Border “Infinite Dimensional Analysis”) is metrizable, it turns out that {x; € (5%, z; =
w;} N B(0,7) is weak* compact since {z; € (¥, x; 7 w;} is weak* sequentially closed.
Therefore ﬁl{IZ € (X, x; 5w} N B(0,7) is P - closed, hence A, is P - closed in A P -

compact, hence A, is compact.

Let us prove now that individually rational Pareto efficient allocations exist.

Let us define a partial preorder 7~ on A, by:

(T1y s Tiy ooy T ) 75 (Y1 ooy Yiy oy Ym) M 2y, Vi=1,.0.,m

5



So an individually rational Pareto efficient allocation exists if and only if A, has a
maximal element.
From Zorn’s lemma, we know that the preordered set (A,,77) will have a maximal

Ty ~

element if every totally preordered subset of (A,,77) is majorized.

T ~

Let () be a totally preordered subset of (A,,27) and define for each o C, = {t €
A, t 7 (o }; from weak® sequential upper-semicontinuity of each preference i, it turns
out as above that C, is a P - closed subset of the P-compact set A,. Since ((,) is
totally preordered, it comes that the intersection of a finite number of C, is non-empty.

Consequently, C' = [ C, is non-empty, and any ¢ € C majorizes ((,), so a maximal

(0%
element does exist and consequently there exist IRPO allocations. |

3 Existence of individually rational Pareto efficient
allocations under upper semi-myopic preferences

Let us now recall the central notion introduced by Brown and Lewis (1981) (see also
Araujo (1985)) under the denomination of strong myopia (or in a sequential context,
strong impatience) and quoted also in Araujo, Novinski and Péscoa (2011) under the

denomination of upper semi-myopia.

DEFINITION: A preference relation = on ¢, is upper semi-myopic if V(z, y) € (5 x (3,
r =y, z € (3, implies that there exists n large enough such that z > y + zg, where

zg,(m) =0 if m <n and z(m) if m > n.

Note that in case of preferences over a countable flow of payoffs, the previous defi-
nition clearly fits to the notion of upper semi-myopia, while in case of preferences over
financial assets whose outcomes depend on the realization of a countable set of states
of the world the previous definition would model neglecting gains on “small events” i.e.
some pessimism or not unreasonable optimism.

Throughout the paper we will assume now that preferences satisfy Assumption Al:

ASSUMPTION A1: Preferences 7, on £ are complete, transitive, monotone (i.e. z,y €
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(¥, x >y = x 2 y) and norm continuous.
For sake of completeness, we state and prove a key property:
PROPOSITION 1: For preferences 7 on (% satisfying Al the following assertions are

equivalent:

(1) Z is weak™ sequentially upper-semicontinuous

(2) = is upper semi-myopic

PROOF:
(1) = (2)
Let z,y € (5° with = = y and let z € /.
Assume that for any n, y + zg, = x, clearly zp, — 0, them from (1) y+0 = z i.e.

y 7~ x a contradiction, which completes the proof. |

(2) = (1)

Assume that there exist z € £3° and a sequence (y™), y™ € (T, y™ oy, y € 05°
such that y™ =~ 2 Vm and = > y. Since y™ —— vy, the sequence is bounded let us say
by k € Ry, therefore for any n, y™ < yji. + k1g, and by monotonicity of ZZ, one gets
y" Jyp. +klg, . Hence z Zyg. +k1lp, Vm for any fixed n.

Let y = (Y1, YUny Ynt1, - - - ), since y" (i) — y; Vi € N, norm continuity of 2~ therefore
implies:

3 Wy Ynyky ok ) Y €N
But letting z = (k,...,k,...), since x > y, from (2) there exists n € N such that

Y1y Yns by .oy ky...) < 2, a contradiction which completes the proof. |

The following corollary thus straightforwardly characterizes a large class of preferences

for which one can guarantee the existence of IRPO allocations.

COROLLARY 1: If all the preferences 7 i@ = 1,...,m of the decision makers sa-
tisfy A1 and are upper semi-myopic then there exist individually rational Pareto efficient

allocations.

PROOF: Immediate from Theorem 1 and Proposition 1.



Building upon Proposition 1, we give now some examples of weak™ sequentially upper-

semicontinuous preferences.

4 Weak* sequentially upper-semicontinuous preferen-
ces

In order to model preferences under uncertainty or even preferences on flow of payments
it has been suggested (see Schmeidler, D. (1989) for the first circumstance and Gilboa,
I. (1989) or else Chateauneuf and Rébillé (2004) in the second case) to use the Choquet
integral (Choquet, 6.(1953)).

In our framework every z € £ would be valued through I(z) = [z dd where 9 is a
capacity on A = 2N ie. a set-function J: A € A — J(A) € [0,1] such that J(¢) = 0,
J(N)=1and A,Be A AC B = 9(A) <9J(B) ? and the Choquet integral of zw.r.t.
to 1 is defined as [z dd = [,"°9(z > t) dt.

It is well-know that preferences represented by the Choquet integral satisfy Assump-
tion 1, therefore Choquet preferences 2 on (5° are weak™ sequentially u.s.c. iff 7 is upper
semi-myopic.

It turns our that:

LEMMA 3: A Choquet preference on (5° is upper semi-myopic if and only if ¥ is outer-
continuous, i.e. YA,, A€ A, A, | A= 9(A,) ] I(A).

PROOF: Outer-continuity is necessary. Actually let A,,, A € A be such that A, | A
and assume that ¥(A4,) | k with & > J(A). Therefore we get k1y > 14.

Let B, = A,\A, one gets B, | ¢. So one can find an increasing sequence of integers
n(m), increasing with m € N such that 1z, > 15, () Where E,, = {p € N, p > m}. Under
upper semi-myopia 3mg such that k1y > 14 + 1Em0 but 1Em0 > 1g,(me) = 1a + 1Em0 >
La+14, 04 = Laume) - Hence by monotonicity of the Choquet integral one would get

kly =14, (m) but I(lAn(mO)) = V(Ap(me)) = k and I(k 1y) = k, a contradiction.

Let us prove now that outer-continuity of 1 is a sufficient condition.

3under uncertainty 9(A) is the subjective evaluation of the likelihood of the event A, while when

valuing flow of payments, ¥(A) is the weight given by the DM to the time period A.



It is enough to see that Vy,z € £, one gets I(y + 2g,) — I(y) when n — +00 one

has:
“+oo
Iy + 25,) = / Iy + 2, > 1) dt.
0

Let A,(t) = {y + 2g, > t} and A(t) = {y > t}. It is straightforward to see that

An(t) | A(t) Vt € Ry. From outer-continuity of ¢, it turns our that V¢ € Ry, f,(t) =
D(An(t) L £(t) = 9(A(1)).
Thus by the Dominated Convergence Theorem I(y + zg,) — I(y).

So from the remark above we get:

PROPOSITION 2: A Choquet preference on (2 is weak™® sequentially upper semi-
continuous if and only if ¥ is outer-continuous i.e. YV A,, Ae A, A, L A= 9(4,) | I(A).

Imagine now that we are in situation of risk i.e. there is a given o-additive probability
P on (N,2Y), with P({n}) > 0 Vn. Let us first consider Yaari’s preference (Yaari
(1987)), that is any z € (% is valued through I(z) = [z dd where J = f o P and f the
distortion function: f: [0,1] — [0, 1] satisfies f(0 ) =0, f(1) = 1 is strictly increasing,
and continuous.

From Proposition 2, one gets immediately:

PROPOSITION 3: A preference & la Yaari on (2 is weak™ sequentially upper semi-

continuous.

Let us finally consider the classical expected utility preferences under risk.

In such a case I(x) = Jrzojo P({n})u(x(n)) where u is assumed to be strictly increasing
and continuous. It is immgioiate to check that such preferences satisfy Assumption 1.

In fact we obtain:
PROPOSITION 4: A EU (expected utility) preference on (Y is weak™ sequentially upper
semi-continuous.

PROOF: From Proposition 1, it is enough to see that Vy, z € £5° one gets I(y + zp,) —

I(y) when n — 400

Iy +z5,) = Y P(mPuly(m) + Y P({m})uly(m)+ z(m)).

9



Since y + z is norm bounded and u is monotone, it turns our that u(y + z) is bounded,

+o00o +00

and since > P({m}) — 0 when n — +o00 one gets I(y+zg,) = > P{n})u(y,) = I(y).
n+1 n=0

|

Let us study now the important case of optimistic and pessimistic DM.

5 Optimistic and pessimistic DM

DEFINITION: A DM will be said pessimistic if her preferences are convex i.e. Vx,y €

(P,ac(0,)rszy=>ar+(1-a)yzZy.

DEFINITION: A DM will be said optimistic if her preferences are concave i.e. Vx,y €
(P,ac(0,)zzy=>zZaoar+(1—a)y.

Note that pessimism expresses that smoothing payoffs can only make the DM better
off, while for an optimistic DM this will never be the case.

Indeed under uncertainty convexity of preferences is usually called uncertainty aversion
(Schmeidler (89), Gilboa and Schmeidler (89)) while concavity is called uncertainty loving
(see also Wakker (1990) and the seminal survey of Gilboa and Marinacci (2011)). It is
well-known that for Choquet preferences, optimism is equivalent to a convex capacity
(pessimism equivalent to a concave capacity), for Yaari preferences these two notion, are
respectively equivalent to f convex and f concave, and that for EU DM this amounts to
respectively a concave or a convex VNM utility function .

Let us recall:

DEFINITION: A capacity o is convex (resp. concave) if VA, B € A 9(AUB) +9(AN
B) > 9(A) + 9(B) (resp: (AU B)+3(ANB) <V(A) 4+ 9(B)).

Let us recall also that for Choquet preferences optimism and pessimism are well mo-

tivated by the following properties (Schmeidler (86), (89)):

If ¥ convex / xdy = min{ Ep(z)|P additive probability > 9}.

If ¥ concave / xd¥ = max{Ep(z)|P additive probability < 9}.

10



5.1 Existence of IRPO in presence of upper semi myopic pessi-

mistic and reasonably optimistic DM

DEFINITION: An optimistic DM is said to be said reasonably optimistic if she is opti-

mistic and her preference satisfies A1 and upper semi-myopia.
From the previous developments, the following DMs belong to the class of reasonable
optimists:
1) Any optimistic EU (see Proposition 4)
2) Any optimistic Choquet DM such that A4,, A € A, A, | A = 9(A,) L V(A) (see
Proposition 2).
Such DM exists it is enough to define 19 = fo P where P g-additive on (N, 2Y), f con-

cave and right-continuous, but many other less specific examples of such capacities

could be exhibited
3) Any optimistic Yaari’s DM.
The terminology reasonably optimistic can be justified for a Choquet optimistic DM

by the fact that it merely imposes that if an event decreases towards the empty set she

reasonably appreciates this event less and less and is valued 0 at the limit.

LEMMA 4: For a concave capacity the following assertions, are equivalent:
() Ay, A€ A, A, | A= 9(A,) | 9(A)

(i) An €A Ay L 6= 0(A,) L0

PROOF: Such a property is a direct consequence of a dual similar property proved by

Rosenmiiller (1971) for the dual case of convex capacities.

So trivially, from Corollary 1 of Section 3, one gets:

PROPOSITION 5: If all decision makers have preferences satisfying A1 and are either
upper semi-myopic pessimistic or reasonably optimistic, then individually rational Pareto

optimum exists.

11



5.2 TIRPO can fail to exist in the presence of a too optimistic

DM

The next example shows an economy for which the unique PO is the trivial one that
assigns the whole aggregate endowment for the DM 1.

In this example the nonexistence of an IRPO comes from the presence of an unre-
asonably optimistic DM. Namely DM, exhibits preferences represented by the Choquet
integral U?(x) = [ @ dV where ¥ is the concave capacity defined by J(A) =1 V A # ¢, so
clearly condition (ii) of Lemma 4 is not satisfied. Indeed since U?(x) = sup z(s), such a

seN
DM is “terribly” optimistic.

EXAMPLE 1: NONEXISTENCE OF IRPO
Consider the consumption space X = (% and the the probability measure p on 2"

givenbypszzis VvV seN.

e The decision maker 1 is characterized by the utility function U'(z) = 3 z,p, and
seN

the initial endowments w' = (2 — %)SEN;

e The decision maker 2 is characterized by the utility function U?(z) = sup z, and
seN

the initial endowments w? = (2 — %)SEN;

AFFIRMATION: The unique Pareto optimal allocation is the couple (Z*,7?) that asso-
ciates the consumption plan 7' = w' 4+ w? to DM 1 and 2 = 0 to DM 2. Thus, there is
no IRPO.

In fact, consider a feasible allocation (z', z?) with 2% > 0.

If sup 22 < sup(w} + w?) = 4, take sy € N be such that 22 > 0. There is s; € N large
enougflesNuch thz'asf\IU1 (z! a3 65—, ) > Ul(zh). AsU?(2® -2l eg, +ap, ) = 4 > U?(2?),
we have that (2!, 2?) is not a PO allocation.

If supz? = 4, given n € N with 22 > 0, we would get U'(z! + 22¢,) > U'(z!) and
U?(2? SENxflen) = U?(2?), so, again, (z',2?) is not a PO allocation.

Thus, the unique PO allocation assigns z? = 0.

12



5.3 At an IRPO at most one strict optimistic will avoid ruin

DEFINITION: A DM is strictly optimistic if Vz,y € ¢,  # y and Va € (0,1)

rmy=ar+(l-—ay<z?

In this section when we consider a strictly optimistic DM, we will assume that her
preference  satisfies A1 but with the requirement of strict monotonicity that is z,y € (3
x>y (ie. x >y,x#y) = x> y. Itis easy to find examples of such strictly optimistic
DM, who would be reasonably optimistic.

Indeed an EU DM as defined above in Section 4 with a strictly convex VNM utility
would be such an example. Equally a Yaari’s DM (see Section 4) with a strictly concave

distortion function f would satisfy such a requirement.

In the Appendix C one will find the following Lemma 5 which characterizes such strict

optimistic Choquet preferences.

LEMMA 5: Choquet preferences on 030 are strictly monotone, strictly optimistic and

reasonably optimistic if and only if
(a) 9 is strictly monotone i.e. A D B = 9(A) > J(B)

(b) 9 s strictly concave i.e. concave and such that:

AUBDADBDOANB J9(AUB)+9(ANB) <9(A)+9(B)

(c) ¥ is outer continuous.

THEOREM 2: Consider an individually rational Pareto optimum where two DM i and j
satisfy A1, have strictly optimistic preferences, weak™ upper semi-continuous, and strictly
monotonic then their allocations x* and 7 satisfy for any (s,t) € N* s # t:

xi(s) - 2'(t) - 27 (s) - 27 (t) = 0.

, , 2'(u) if u € N\{s, t}
PROOF: Let us define IZ—(S,I&) by x’_(m)(u) = es € I by

0if u € {s,t}

4Indeed such a DM has non-convex preferences, but actually concave preferences.

13



lifu=s , .
es(u) = and consider V (a, b) € R% Loy = ae(s) +be(t) + T -

0 otherwise
Denote v(s) = x'(s) + 27 (s) and v(t) = 2'(t) + 27 (t) .
Therefore we define 27 (a,b) = (v(s) — a)es + (v(t) — b)e; + x’;(s’t)
Let us show that z'(s) > 0, z°(t) > 0, 27(s) > 0, 27(t) > 0 is impossible.
For any a € [0, 2(s)) by continuity of 7=; and strict monotonicity of =; Jb(a) > x'(t)
such that a{, ,,~ @' It is straightforward to check that when a 1 2%(s), then b(a) |

2'(t). Therefore for a = a sufficiently close to z(s), b = b(a) is such that 7 - > 0 i

(a,b)
[t{, o € (. That 2! @p € (¢ is immediate.

Let us set ; = xza ) and y; = 93 Clearly Uiy, =a' +at.
Since y; ~; ' if g; =; 27 IRPO Would be contradicted. So necessarily =7 7-; ;.

Let us choose 3 € (1, 2) close enough to 1 in order to guarantee that y* = Sz'+(1—)y;
and y/ = Ba? + (1 — )y, are such that y*,y/ > 0 (this is possible since by hypothesis
2'(s) > 0, 2'(t) > 0, 2°(s) > 0, 27(t) > 0).

So y* and y’ belong to ¢ and clearly y' + 3/ = a' + 7.
It is enough to prove that y* 77; 2* and 3/ »; 27 which contradicts again IRPO, and

then completes the proof. One has

1, p-1 .
—y' 4+ ——1; with y* and g; € (°
B B "
1

B

i

I = _yj+%yj with ¢/ and y; € (7
Let us show that 3y =; °.

Otherwise z° =; 3* hence x' ~; ¥; implies y; >; y; and strict optimism implies ¥; =; ;
i.e. x' =; x', a contradiction.

Let us now show that y/ »; 2.

Suppose z/ 7; 7, note that y; # y; otherwise y/ = B2/ + (1 — B)y; would imply
y; =/ and this is not the case.

So either v/ =; y; and ¥/ # y; = 3’ >, 27 by strict optimism hence 27 >; 27, which

is impossible. Or ¢/ >, 3’ and strict optimism would imply 7; =; 2/ which contradicts

x? 7; §; . Henceforth y7 »; x7 which completes this part of proof.

Therefore we obtain the second main result of this paper.

14



COROLLARY 2: At an IRPO at most one strict optimistic will avoid ruin in any state

(or equally at any time period).

PROOF: Assume that at least two DM 4 and j are strictly optimistic and satisfy the
natural hypotheses of Theorem 2.
Imagine that one of them let us say ¢ has an interior allocation, then at most in one

state s the DM j can get 27(s) > 0. |

5.4 Optimal risk sharing for risk lovers and risk averters deci-

sion makers

Interpret > as the set of all bounded A-measurable mappings = from N to R where
A = P(N) and assume that a o-additive probability P is given on (N, P(N)). ® So any z

can now be interpreted as a random variable.

DEFINITION: Given x,y € ¢*°, x is less risky than y for the second order stochastic
dominance denoted = Zgssp vy if:
t t
/ P(:z:ﬁu)duﬁ/ Ply<u)duVteR
x is strictly less risky than y denoted x »~ggp y if furthermore one of the previous

inequalities is strict.

DEFINITION: Let =; be the preference relation of a DM
~; is a strict (strong) risk averter if x Zgsp y =z 7,y and © >=g55p y = >; ¥

> is a strict (strong) risk lover if © ZZssp y = = Z;y and  =-gsp ¥y = = <; ¥.

Examples of weak* sequentially upper-semicontinuous strict risk lover or strict

risk averter

EU DM are such strict risk lovers or strict risk averters if and only if they are strictly

optimistic or strictly pessimistic.

SFor sake of simplicity we will assume that P({n}) >0 Vn € N,
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Yaari’s DM are such strict risk lovers or strict risk averters if and only if they are strictly
optimistic or strictly pessimistic.
The following Theorem 3 offers two important features of risk sharing between strict

risk averters and strict risk lovers.

Feature 1: As in the classical case of risk sharing between only risk averters, the Pareto
optimal allocations of risk averters will be comonotonic, but note that this does not entail
any longer that these allocations will be necessarily ranked as the aggregate endowment,
because nothing in the Theorem guarantees global comonotonicity between risk averters

and risk lovers.

Feature 2: As soon as the strict risk lovers are also strictly optimistic (note that while
this is the case for EU or Yaari’s DM, this might not be the case for some particular
class of strict risk lovers (see Chateauneuf and Lakhnati (2007)) then at most one of these

strict risk lovers will avoid ruin.

THEOREM 3: Consider m strict risk averters i = 1,...,m with weak* sequentially

u.s.c. preferences 7=; and n strict risk lovers j = 1,...,n with weak™® sequentially u.s.c.

~ol

preferences ©=; but exhibiting strict optimism.
Assume initial endowments w; € (3%, w; € 1, .
Then individual rational Pareto efficient allocations ( in (€)™ ) exist. For such PO

(xiyi=1,...,m;y;,7 =1,...n) we have:

1) The allocations of risk averters are pairwise comonotonic, i.e.,

(zi, () — 24, (1)) (ziy (5) — 245, (2)) > 0 V(s,t) € N2 V(iy,i2) € {1,...,m}?
2) At most one risk lover will avoid ruin in any state.
PROOF:
1) The same proof as in Proposition 4.1 of Chateauneuf et al. (2000) applies.

2) This is just Corollary 2.
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6 Conclusions and Further Research

As Theorem 1 has shown, the existence of IRPO allocation is a quite general feature of
GE models when the space of alternatives is /> (or R¥), even in the presence of non-
complete preferences or optimistic agents. One of the sufficient requirements is that the
DMs should be myopic or impatient for gains, which can be interpreted as a bound on
optimism, since, in that case, even the optimistic DMs will not want to exchange all their
wealth for a larger income on events with arbitrarily small likelihood or dates arbitrarily
far (which avoids the difficulties present in Example 1).

So, one perceives that the concept of IRPO accommodates well the notions of risk
and ambiguity propensity (both relevant for Applied Microeconomics and Finance). A
further research program is to find the sufficient conditions to ensure the existence of a
barter equilibrium (i.e., the non-emptiness of the core of the economy) or an equilibrium
with non-linear prices even in the presence of optimistic agents.

At an IRPO allocation of resources, the risk averters will be sharing the individual risk
(in the sense that their plans will be 2 X 2 comonotonic), but not necessarily the aggregate
risk when there exist risk lovers DMs too. However, when the aggregate risk is very large,
the existence of optimistic agents may allow the risk averters to be better off than they
would be sharing aggregate risk as it becomes possible to smooth their consumption plans.

Regarding the properties of IRPO allocation, Theorems 2 and 3 say that is quite likely
to observe plans of optimistic DMs leading to financial ruin at some states. In fact, if there
were two optimistic DMs with consumption plans that are bounded away from zero in
two states of nature, there would be room for a Pareto improvement. Under the theorems
hypotheses, in the case that the consumption plan is interior for one of the optimistic
DMs, all the others will concentrate the future wealth in just one of the possible future
states, characterizing a very speculative pattern. Thus, a question that naturally arises
for future studies is if a policy maker concerned with the ex post aggregate welfare should
or not should deviate the output allocation of the economy from ex ante IRPO allocations
in order to avoid this extreme gambling. And, if the policy maker decides to intervene,

which type of instrument should be chosen. Or even, if the incompleteness of markets
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could weaken the effects of this willingness to gamble future wealth, thereby preventing

any need of intervention.

APPENDIX

A The space (*

The space ¢ is the Banach space of real bounded sequences equipped with the norm

defined by ||z|| = sup |7¢|]. The space ¢! is the Banach space set of absolutely convergent
t

real sequences equipped with the norm defined by ||z||; = i |4 |.

When ¢ is endowed with the norm topology, the dual its: gienoted by (£>°)*. A coarser
topology is the Mackey topology, defined as the finest topology on ¢*° for which the dual
is /1. Now, (™) converges to z in this topology if and only if, for any weakly compact
subset A of /1, (2™, y) — (z,y) uniformly on y € A.

The weak™ topology is defined as the coarsest topology on ¢* for which the dual is
¢*. Now (x™) converges to z in the weak* topology if and only if ||2"|| is bounded and

x"(p) = x(p) Vp € N (see for instance Brezis (2011)).

B Mackey and weak* sequential convergence coin-
cide
ON (>

PROPOSITION 6: On (> the weak* o(£>°, (') sequential convergence and the Mackey

T(£>,0") sequential convergence coincide.

PROOF: Since o(¢>, ') C 7(£>~,¢') we just need to prove that for (z"), 2" € (>,

sy implies " — x. But from the corollary in the appendix in Hervés-Beloso et
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al (JET, 2000), we know that the Mackey topology and the weak star topology coincide
on bounded sets of /.
Since 7" 25 z implies that the sequence (") is bounded, the result follows directly.
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C STRICTLY OPTIMISTIC CHOQUET PREFERENCES

Here we intend to prove Lemma 5.
(b) can be found in Schmeidler (1989)

(c) comes from Proposition 2.

The necessity of (a) is immediate.
It remains to prove that under (a) and (c) the preferences are strictly monotone.
So take z,2’ € (5° with > 2 and let us show that z > z'.

x > ' implies there exists sp € N s.t. x(sg) > 2'(s0). We need to show that

+o00 +o00
/ I > ) dt > / I > 1) dt
0 0

or equally d > 0 where

d= /W (Vx> t) —d(a’ > 1)) dt.

Let tg = x(sg), therefore {x > ty} 2 {2/ > to} and (a) implies ¥(z > tg) > I (2’ > to).

Let y € £, and let us see that f(t) = J(y > t) is left-continuous.

Take A, = {s € N,y(s) > t,} with t,, € R*, ¢, 1 ¢t. It is straightforward to see that
A, } A= {y > t}, so since from (c) 9(A,) | 9(A), f is actually left-continuous. So
since ty = x(sp) > 0, there exists an interval [ty — &,t9) C RT such that V¢ € [to — €, to],
Iz >1t)—I(a’ >t) >0, since indeed x > 2’ implies J(z > u) > J(2’ > u) Yu € RT one

gets d > 0. |
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